Abstract. Let R a standard graded algebra over a field k. In this paper, we show that the property of R being Cohen-Macaulay is characterized by the existence of a pure CohenMacaulay R-module corresponding to any degree sequence of length at most depth(R). We also give a relation in terms of graded Betti numbers, called the Herzog-Kühl equations, for a pure R-module M to satisfy the condition dim(R) − depth(R) = dim(M ) − depth(M ). When R is Cohen-Macaulay, we prove an analogous result characterizing all graded CohenMacaulay R-modules.
Introduction
Let S = k[X 1 , . . . , X n ] be a polynomial ring over a field k. M. Boij and J. Söderberg conjectured([1, Conjecture 2.4]) that given any degree sequence d of length at most n, there is a pure Cohen-Macaulay S-module of type d. This article is motivated by this conjecture, and the fact that it is true(see Remark 1.3(a)), as shown by D. Eisenbud and F. Schreyer.
In this paper, we study modules of finite projective dimension, with pure resolutions, over an arbitrary standard graded ring R. The main tool used is the Cohen-Macaulay defect of an R-module M, denoted cmd(M). We show that the existence of a pure R-module M of finite projective dimension forces cmd(R) ≤ cmd(M), a crucial observation that is used to prove the main results in this article. In particular, this shows that if such a module is Cohen-Macaulay, then the ring is also forced to be so.
In [1] , Boij and Söderberg characterize graded Cohen-Macaulay modules over S, by relations among the graded Betti numbers of the module called the Herzog-Kühl equations. In Section 2, we generalize this result to arbitrary Cohen-Macaulay standard graded algebras in Theorem 2.6. The Boij-Soderberg result extends a theorem of J. Herzog and M. Kühl from [5] , in which they prove it for pure Cohen-Macaulay modules over S. In Theorem 2.9, we generalize the result of Herzog and Kühl to a standard graded ring R, and characterize pure R-modules M satisfying cmd(M) = cmd(R).
The above results are used in Section 3, first to compute the multiplicity of such modules in Corollary 3.1, and then to get some interesting observations about cyclic modules with pure resolutions in Subsection 3.2. In Subsection 3.3, we give a sufficient condition for a pure module over the polynomial ring to be Cohen-Macaulay. In particular, in Corollary 3.7, we see conditions on the degree sequences that force a pure quotient of a polynomial ring to be Gorenstein, or a complete intersection.
Finally, we see a characterization for R to be Cohen-Macaulay in terms of pure modules. Using Proposition 2.7, we prove (in Theorem 3.9) that R is Cohen-Macaulay if and only if there is a pure Cohen-Macaulay R-module corresponding to any degree sequence of length at most depth(R). Section 1 contains the notation, definitions, basic observations, and previous results that are needed in the rest of the article.
1. Preliminaries 1.1. Notation. a) By k, we mean an infinite field, and R denotes a standard graded k-algebra, i.e., R 0 = k, and R is generated as an algebra over k by finitely many elements of degree 1. b) M denotes a finitely generated graded R-module, µ(M), the minimal number of generators of M, cmd(M) = dim(M) − depth(M) is the Cohen-Macaulay defect of M, and the ith total Betti number of M is β
, i.e., the (i, j)th entry is β
e) By the Hilbert-Serre Theorem (see [3, Section 4 .1]), if dim(M) = r, then there exists a unique Laurent polynomial f (z) over Z with f (1) > 0 such that
(1−z) r . The multiplicity of M is e(M) = f (1).
1.2. Pure Modules and Degree Sequences. Definition 1.1. Let R be standard graded, and M a finitely generated graded R-module. a) An R-module M has a pure resolution if each column of the Betti diagram of M has at most one non-zero entry. If this happens, we say that M is a pure R-module. If M has a pure resolution, and
In the following remark, we record the relation between the Hilbert series, Betti numbers and shifts in the minimal free resolution of a pure module. 
Now, d i is the order of H K (z), and β i is the coefficient of
. Hence, we see that d i , and β i can be inductively computed from H M (z) as
b) The additivity of Hilbert series on exact sequences applied to a minimal R-resolution of M shows that h M i can be obtained from d i , and β i by using
There exists a pure Cohen-Macaulay S-module of type d.
If M is a pure S-module of type d, then M is Cohen-Macaulay if and only if
c) We define two pure diagrams corresponding to d:
where M is a pure Cohen-Macaulay S-module of type d, which exists by (a). By (b), these are independent of S and M, and for 0 ≤ i ≤ p, and j ∈ Z, we have 
Since π(d), and π ′ (d) are positive rational multiples of each other for each d, we see that there exist c
Herzog-Kühl Equations
2.1. Herzog-Kühl Equations over Arbitrary Rings. The Herzog-Kühl equations are relations among the graded Betti numbers of a module over a polynomial ring. These were initially studied in [5] , and then in [1] , to characterize Cohen-Macaulay modules. We look at similar relations over all standard graded k-algebras in this section. 
(For an explanation, see [1] , or the proof of the equivalence of (iii) and (iv) in Theorem 2.9). We begin with the following observation:
n divides h(z) if and only if the b i,j 's satisfy the following equations:
In order to see this, let
. . .
where A is an n × n lower triangular matrix with diagonal entries 1. Thus we are done, since (1 − z) n divides h(z) if and only if h (l) (1) = 0 for 0 ≤ l < n, which, by the invertibility of A, happens if and only if a 0 , . . . , a n−1 are all 0. (1−z) d−c , where
Since a minimal resolution of M over R is of the form
by the additivity of Hilbert series over exact sequences, we get
where the last equality is by (b). Thus, e(M) = g(1) = e(R)h 1 (1), proving (c). 
In particular, the above theorem extends the Boij-Söderberg result in Remark 2.2(b), characterizing graded Cohen-Macaulay R-modules by the Herzog-Kühl equations.
Herzog-Kühl Equations for Pure Modules.
We now show, in Theorem 2.9, that the Herzog-Kühl equations can be used to characterize pure modules M of finite projective dimension over a standard graded k-algebra R, satisfying cmd(M) = cmd(R). This generalizes the theorem of Herzog and Kühl in Remark 1.3(b), and extends Theorem 2.6 to pure modules over a standard graded k-algebra.
We now prove a key proposition, which is used in this section and the next.
Proposition 2.7. Let R be a standard graded k-algebra, and M a pure R-module. Then The maximal minors of the coefficient matrix A of this system are (p + 1) × (p + 1) Vandermonde matrices since p + 1 ≤ c. Thus, d i = d j for all i = j implies that A has maximum rank p + 1. This forces the system of equations (1) to have only the trivial solution. This contradiction shows that c ≤ p.
Finally, since pdim R (M) is finite, then the Auslander-Buchsbaum formula implies that codim(M) ≤ pdim R (M) is equivalent to cmd(R) ≤ cmd(M), proving the result.
In the following example, we see that the inequality cmd(R) ≤ cmd(M) can be strict. Note that β R (M) does not satisfy the Herzog-Kühl equations, since 
Proof. Since M is a pure module of type d, we have pdim R (M) = p is finite. Hence, by the Auslander-Buchsbaum formula, (i) and (ii) are restatements of each other. Let codim(M) = c. If (ii) is true, then Proposition 2.4(b) shows that (iii) holds. In order to prove the converse, first note that by Remark 2.5, (iii) implies that p ≤ c. Furthermore, since M is a pure R-module, by Proposition 2.7, we get c ≤ p, proving (ii).
In order to see the equivalence of (iii) and (iv), note that the Herzog-Kühl equations are p linear equations in β 0,d 0 , . . . , β p,dp , whose coefficient matrix is
. Since Similarly, setting β p,dp to be a free variable proves the equivalence of (iii) and (v).
3. Applications 3.1. Application to Multiplicity. In [1] , Boij and Söderberg compute the multiplicity of pure Cohen-Macaulay modules over polynomial rings. We use the above theorem to do the same for a pure module M satisfying pdim R (M) = codim(M), over any standard graded k-algebra R.
Proof. Since cmd(R) = cmd(M), and pdim R (M) = p is finite, we get codim(M) = p. Hence, by Theorem 2.9 and Proposition 2.4, we have
Let V be the (p + 1) × (p + 1) Vandermonde matrix with (i, j)th entry d
On the other hand, expanding along the last row, we get
Dividing the second expression for det(V ) by the first, we see that
Substituting this in the expression for e(M) proves the corollary.
3.2.
Applications to Cyclic Modules. In this subsection, we study pure cyclic modules. We first look at Betti diagrams of pure cyclic Cohen-Macaulay modules of projective dimension 2.
Theorem 3.2. Let R be a standard graded k-algebra, and I a homogeneous ideal in R, such that codim(R/I) = pdim R (R/I) = 2. If R/I is a pure R-module, then there exists a regular sequence g 1 , g 2 such that β R (R/I) = β R (R/ g 1 , g 2 i ) for some i.
Proof. Let R/I be a pure R-module of type (0, d 1 , d 2 ). Since codim(R/I) = pdim R (R/I) and β R 0 (R/I) = 1, by Theoqrem 2.9, we have β
Write d 1 = rd and let g 1 , g 2 be an R-regular sequence of degree r. By using induction on d, it can be seen that R/ g 1 , g 2 d is a pure R-module of type (0, rd, rd + r). Therefore R/ g 1 , g 2 d and R/I are pure of type (0, rd, rd + r), with
In the above theorem, we have seen that
The following example shows that it need not be true.
, and I = X 1 X 2 , X 2 X 3 , X 1 X 3 . Then S/I is a pure S-module of type (0, 2, 3), and β S (S/I) = β S (S/ X 1 , X 2 2 ), illustrating Theorem 3.2. We know that if g 1 , g 2 is a regular sequence, then S/ g 1 , g 2 i is a Cohen-Macaulay for all i ∈ N. Since S/I 2 is not Cohen-Macaulay, there does not exist any regular sequence g 1 , g 2 such that I isomorphic to g 1 , g 2 i .
The following example shows that Theorem 3.2 need not hold if pdim R (R/I) ≥ 3.
. Then S/I is a pure Gorenstein quotient of S of type (0, 2, 3, 5).
Note that β S (S/I) = β S (S/ g 1 , g 2 , g 3 i ), for any i, where g 1 , g 2 , g 3 is an S-regular sequence. This follows since β S 1 (S/I) = 5, and for any regular sequence g 1 , g 2 , g 3 , we have β S 1 (S/ g 1 , g 2 , g 3 ) = 3, and β
We have seen in Theorem 3.2 that
. Since R/ g 1 , g 2 i is a pure module for each i, we have the following natural question.
Question 3.5. Let R be a graded k-algebra and I be a homogeneous ideal in R such that R/I is a pure R-module. If cmd(R/I) = cmd(R), then is R/I i a pure R-module for every i?
3.3. Modules over Polynomial Rings. We first give a sufficient condition for a pure module over a polynomial to be Cohen-Macaulay. This leads to conditions on the degree sequences, which force pure cyclic quotients to be Gorenstein, or a complete intersection.
Proof. By Remark 1.3(d), we can write
where c i ∈ Q ≥0 , with c 1 > 0. The above equation shows that c 1 = β S p,dp (M). Now β 
If e is non-decreasing, then e 1 = · · · = e p , and R is a complete intersection.
Proof. a) Note that R is Gorenstein if and only if R is Cohen-Macaulay, and β S p (R) = 1. Both the latter conditions hold by the previous theorem, hence R is Gorenstein. 3.4. Characterization of Cohen-Macaulay Rings. In Theorem 3.9, we give a characterization of Cohen-Macaulay graded k-algebras in terms of pure Cohen-Macaulay modules. We first prove the following proposition. Proof. Let depth(R) = r. Since k is infinite, there exists a regular sequence l 1 , . . . , l r of linear forms in R. Since R is Cohen-Macaulay, R is free of finite rank over S = k[l 1 , . . . , l r ], which is isomorphic to a polynomial ring over k. By Remark 1.3(a), there exists a Cohen-Macaulay S-module M, which has a pure resolution over S of type d. Then M ⊗ S R is a pure Cohen-Macaulay R-module of type d.
The next theorem follows from Propositions 2.7 and 3.8. Proof. Statement (ii) follows immediately from (i). Since M is Cohen-Macaulay if and only if cmd(M) = 0, the proof of (ii) ⇒ (iii) is a consequence of Proposition 2.7, and (iii) ⇒ (i) is the content of Proposition 3.8.
